A graph is half-arc-transitive if its automorphism group acts transitively on its vertex set and edge set, but not arc set. 
a subgroup G of Aut(X ) on a graph X we shall mean a vertex-transitive and edge-transitive, but not arc-transitive action of G on X . In this case, we shall say that the graph X is G-half-arc-transitive.
The investigation of half-arc-transitive graphs was initiated by Tutte [2] and he proved that a vertex-and edge-transitive graph with odd valency must be arc-transitive. In 1970 Bouwer [3] constructed a 2k-valent half-arc-transitive graph for every k ≥ 2 and later more such graphs were constructed (see [4] [5] [6] [7] [8] [9] [10] ). Let p be a prime. It is well known that there are no half-arc-transitive graphs of order p or p 2 [11] , and by Cheng and Oxley [12] , there are no half-arc-transitive graphs of order 2p. Alspach and Xu [4] classified half-arc-transitive graphs of order 3p and Wang [10] classified halfarc-transitive graphs of order a product of two distinct primes. Despite all of these efforts, however, more classifications of half-arc-transitive graphs with general valencies seem to be very difficult. In fact, constructing and characterizing half-arc-transitive graphs with small valencies is currently an active topic in algebraic graph theory (see [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] ). It was shown in [24] that there are no tetravalent half-arc-transitive Cayley graphs of order 4p, and a tetravalent half-arc-transitive non-Cayley graph of order 4p exists if and only if p − 1 is divisible by 8, and then such a graph is unique for given order.
Opposite to the tetravalent case, in this paper it is proved that each hexavalent half-arc-transitive graph of order 4p is a Cayley graph. Such a graph exists if and only if p − 1 is divisible by 12, and again, such a graph is unique for given order. The result can be helpful to classify half-arc-transitive graphs of order 4p (for general valences), a problem that has been considered since 1994 by many authors.
Preliminary results
Let Cay(G, S) be a Cayley graph. Given g ∈ G, define the permutation R(g) on G by x → xg, x ∈ G. Then R(G) = {R(g) | g ∈ G} is a permutation group isomorphic to G, called the right regular representation of G. The Cayley graph Cay(G, S) is vertex-transitive because it admits R(G) as a regular subgroup of the automorphism group Aut(Cay(G, S)). Furthermore, the group Aut(G, S) = {α ∈ Aut(G) | S α = S} is also a subgroup of Aut(Cay(G, S)). Actually, Aut(G, S) is a subgroup of Aut(Cay(G, S)) 1 , the stabilizer of the vertex 1 in Aut(Cay(G, S)). A Cayley graph Cay(G, S) is said to be normal if Aut(Cay(G, S)) contains R(G) as a normal subgroup. The following proposition is fundamental for normal Cayley graphs. Now we state a simple observation about half-arc-transitive graphs (see [13] Li et al. [7] considered primitive half-arc-transitive graphs.
Proposition 2.4 ([7, Theorem 1.4]). There are no vertex-primitive half-arc-transitive graphs of valency less than 10.
To state the classification of connected cubic and hexavalent symmetric graphs of order 2p, p a prime, due to Cheng and Oxley [12] , we need to define the following graphs. Let V and V be two (G(2p, r) ).
Let D be a symmetric (v, k, λ)-design and denote by V and V the sets of points and blocks of D, respectively. The incidence graph B(D) of D has vertex set V ∪ V and edge set {xy | x ∈ V , y ∈ V , x ∈ y}, and the graph B (D) is the incidence graph of the complementary design of D. Thus B (D) has vertex set V ∪ V and edge set {xy | x ∈ V , y ∈ V , x ∈ y}. Denote by H(11) the unique symmetric (11, 5, 2)-design. Let n > 2 be an integer. The symmetric design PG(n − 1, q) has as its point and blocks the points and hyperplanes, respectively, of the (n − 1)-dimensional projective space over GF (q) with the incidence relation being determined by inclusion. The following proposition can be extracted from Theorem 2. 4 
If X has valency 6 then one of the following holds: The following proposition is due to Burnside.
Proposition 2.7 ([25, Theorem 8.5.3]). Let p and q be primes and let m and n be non-negative integers.
Then, any group of order p m q n is solvable.
Main result
In this section we classify hexavalent half-arc-transitive graphs of order 4p. First we introduce some examples of half-arc-transitive graphs. Let p be a prime such that p − 1 is divisible by 12, and let
Note that r is an element of order 4 in Z * p and the group G is independent of the choice of r. Since Z * p is cyclic, there are exactly two elements of order 6 in Z * p , say ε and ε −1 . Define
It is easy to show that α is an isomorphism from the Cayley graph Cay(G, {b,
is independent of the choice of ε.
The following is the main result of this paper. Proof. Let X = Cay(G, S) be a hexavalent half-arc-transitive Cayley graph on the group G of order 4p with respect to S. Then X is connected because there are no half-arc-transitive graphs of order p or 2p (see [12] ). It follows that |S|=6, S −1 = S and S = G. By Proposition 2.3, G is non-abelian and by Proposition 2.2, p ≥ 7. From the elementary group theory we know that up to isomorphism there are three non-abelian groups of order 4p for an odd prime p ≥ 7: 
By Proposition 2.3, there is no involution in S, and then since
for any integer j and fixes a pointwise. This is impossible by Proposition 2.3.
}, where ε is an element of order 6 in Z * p .
To finish the proof of the lemma, we only need to show that C(4p) is half-arc-transitive. Note that the fact ε is an element of order 6 in Z * Consider the quotient graph C(4p) P of C(4p) corresponding to the orbits of P, that is, the graph with the orbits of P as vertices and with two orbits being adjacent if there are edges of C(4p) between these two orbits. Since α ∈ A, the normality of P in A implies that C(4p) P is a 4-cycle, say Proof. Since there are no half-arc-transitive graphs of order p or 2p (see [12] ), X is connected. Let A = Aut(X ). Recall that X is an underlying graph of an orbital digraph D := (V (X), O) of A for some non-self-paired orbital O. Thus, A ≤ Aut(D) and D is a directed graph with out-and in-valency equal to 3. Let u ∈ V (X) and denote by A u the stabilizer of u in A. By Proposition 2.6, A u is a {2, 3}-group and hence A is a {2, 3, p}-group with |A| not divisible by p 2 . The edge-transitivity of X implies that 12p | |A|. By Proposition 2.2, p ≥ 7. Let N be a minimal normal subgroup and P a Sylow p-subgroup of A. Then |P| = p. We first prove the following claim.
Claim: P A.
Suppose that all minimal normal subgroups of A are nonsolvable. Then N ∼ = T m where T is a nonabelian simple {2, 3, p}-group. Since p 2 |A| and p ≥ 7, we have, by [26, pp. 12-14] , that m = 1 and N = T is one of five groups given in Table 1 . By the simplicity of N, N has orbits of length p, 2p or 4p, Table 1 Non-abelian simple {2, 3, p}-groups (p ≥ 7), extracted from [27, 26] .
Group p Order Indices of maximal subgroups Now consider the quotient graph X P of X corresponding to the orbits of P. Then |V (X P )| = 4 and X P has valency 2 or 3. Let K be the kernel of A acting on V (X P ).
If X P has valency 3, then X P is the complete graph K 4 . In this case, K u fixes every out-neighbor of u in the directed graph D, which implies K u = 1. Thus, P = K = Z p and A/P ≤ S 4 . Since 12p | |A|, one has A/P = A 4 or S 4 . Let R be a Sylow 2-subgroup of A 4 . Then R ∼ = Z 2 ×Z 2 and RP acts regularly on V (X). This means that X is a Cayley graph on RP. By Lemma 3.2, RP has a cyclic Sylow 2-subgroup, a contradiction.
Thus, X P has valency 2, that is, X P is a 4-cycle, say X P = (B 0 , B 1 , B 2 , B 3 ) 
